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Abstract

We provide a unified treatment of conformally soft Goldstone modes which arise when
spin-one or spin-two conformal primary wavefunctions become pure gauge for certain in-
teger values of the conformal dimension A. This effort lands us at the crossroads of two
ongoing debates about what the appropriate conformal basis for celestial CFT is and what
the asymptotic symmetry group of Einstein gravity at null infinity should be. Finite en-
ergy wavefunctions are captured by the principal continuous series A € 1+ iR and form
a complete basis. We show that conformal primaries with analytically continued confor-
mal dimension can be understood as certain contour integrals on the principal series. This
clarifies how conformally soft Goldstone modes fit in but do not augment this basis. Con-
formally soft gravitons of dimension two and zero which are related by a shadow transform
are shown to generate superrotations and non-meromorphic diffeomorphisms of the celestial
sphere which we refer to as shadow superrotations. This dovetails the Virasoro and Diff(S?)
asymptotic symmetry proposals and puts on equal footing the discussion of their associated
soft charges, which correspond to the stress tensor and its shadow in the two-dimensional
celestial CFT.
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1 Introduction

The realization that soft theorems in gauge theory and gravity are manifestations of Ward identi-
ties for asymptotic symmetries [1-3] has reinvigorated recent attempts at flat space holography [4]
as well as reopened some questions regarding what the physical asymptotic symmetry group of
asymptotically flat spacetime should be [5-7]. One of the key milestones from applying this
paradigm is that it solidifies [§] a conjectured extension [9] of the BMS group to include su-
perrotations [10H12], based on a newly discovered subleading soft graviton theorem [13]. This
precipitated two parallel initiatives within the field.

On the one hand, the subleading soft graviton mode is a natural stress tensor candidate [14]
for a putative dual celestial CF'T with a Virasoro symmetry. This provoked reexamining scat-
tering amplitudes in a basis [15-17] that makes conformal covariance manifest which, in turn,
demanded a new understanding of the conformal analog of soft theorems [18-27]. While the
leading conformally soft graviton naturally arises as the zero mode in this discussion, a puzzling
question arose on how the subleading conformally soft graviton would fit into the appropriate
conformal basis for celestial amplitudes.

On the other hand, while the leading soft graviton theorem is equivalent to the Ward identity
of BMS supertranslation symmetry, the correspondence between the subleading soft graviton
theorem and the proposed asymptotic Virasoro superrotationE] symmetry does not appear to
be bijective. Questions were raised as to whether the asymptotic symmetry group should be
extended from the double copy Virasoro symmetry generated by local conformal Killing vectors
(CKVs) to arbitrary diffeomorphisms of the celestial sphere (Diff(5?)) [28-30]. Unlike for local
CKVs, the Ward identity for Diff(S?) symmetry appears to be equivalent to the subleading soft
graviton theorem [31], but the price to pay for this enlarged asymptotic symmetry group is a
relaxed set of boundary conditions which modify the metric of the celestial sphere at leading
order.

This paper provides a unified treatment of conformally soft Goldstone modes which lands us
at the crossroads of these two ongoing themes and offers a resolution to some of the tensions
surrounding what the appropriate conformal basis for celestial amplitudes is, and what the
appropriate asymptotic symmetry group for Einstein gravity at null infinity should be.

Four-dimensional scattering amplitudes exhibit conformal properties when the standard plane
wave modes are replaced by so-called conformal primary wavefunctions. These are labeled by the
conformal dimension A and spin J of the representation of the 4D Lorentz group SL(2, C) which
acts as the 2D conformal group on the celestial sphere at null infinity. In [16] it was shown that

finite energy modes are captured by conformal primary wavefunctions on the principal continuous

1By superrotations we collectively mean the angle-dependent generalization of rotations and boosts. They are

distinguished from general diffeomorphisms of the celestial sphere.



series A € 1+ iR and that these form a conformal basis. Whereas, in the momentum basis, the
leading and subleading soft poles of scattering amplitudes arise in a series expansion near w — 0,
in the conformal basis, the leading and subleading conformally soft theorems arise from different
limits of the conformal dimension A [16/18-24]. As shown in [19], the asymptotic large U(1)
Kac-Moody symmetry of gauge theory and the BMS supertranslation symmetry of gravity are
generated by respectively spin-one and spin-two conformal primaries with conformal dimension
A = 1. Insertions of these A = 1 modes into celestial amplitudes give rise to conformally soft
factorization theorems in gauge theory [20}32,:33] and gravity [22-24].

Furthermore, a subleading conformally soft theorem in gravity is obtained [22,24] in the A = 0
limit of celestial graviton amplitudes. This corresponds to the insertion of a conformally soft
graviton whose conformal dimension does not lie on the principal continuous series. This theme
appears to continue for the subsubleading conformally soft theorem in gravity which arises in
the A = —1 limit of celestial graviton amplitudes [24], as well as for the subleading conformally
soft theorem for celestial gluon amplitudes which is obtained in the A = 0 limit [22]. The nature
of this analytic continuation in conformal dimension raised some questions. In particular, it
was unclear how these modes would fit with the results of [16] that the principal continuous
series wavefunctions form a complete basis. Here we show how conformally soft primaries with
analytically continued conformal dimensions can be understood as certain contour integrals along
the principal continuous series. These modes therefore do not augment the conformal basis, even
with zero energy modes taken into account.

Related to the subleading A = 0 conformally soft graviton h° by a shadow transform is
the A =2 — A = 2 spin-two conformal primary h2. The modes h° and h2 are both pure diffeo-
morphisms. Near null infinity, h? matches the form of a superrotation [19] thus supporting an
asymptotic Virasoro symmetry. Its relation to the stress tensor for a putative celestial CFT,
which is the soft charge, was examined in [19,34]. On the other hand, k" does not obey the stan-
dard fall-off conditions. Instead, we will show that it generates an asymptotic Diff(5?) symmetry.
The corresponding soft charge is divergent and a regularization method needs to be employed.
Following [29] we take care of radial divergences by adding appropriate boundary terms and
demand consistency with the subleading soft graviton theorem. The renormalized soft Diff(S?)
charge we eventually arrive at turns out to be the shadow transform of the 2D stress tensor.

Why was such a renormalization procedure not needed in computing the soft superrotation
charge [8,135]7 In fact, even superrotations modify the round metric of the celestial sphere
at isolated points when the generator is not part of the global SL(2,C). Here we show that
when keeping track of these contact terms in the diffeomorphism vector field associated to ﬁQ, a
regularization method akin to the one used in defining a soft Diff(S5?) charge [29] is required in

order to derive the soft superrotation charge.



This puts the conformally soft gravitons h? and k° on equal footing and dovetails the Virasoro
and Diff(5?) asymptotic symmetry proposals. In [8] the subleading soft graviton theorem was
shown to imply a Ward identity for superrotations within semiclassical S-matrix elements which
is given by the conformally soft graviton 2. Campiglia and Laddha then demonstrated in [31]
an equivalence between the subleading soft graviton theorem and the Ward identity for certain
Diff(S?) transformations which turn out to be none other than the conformally soft graviton
h. Here we see, that the shadow operation implies that the converse of the relation found
in [8] also holds. This is illustrated in Figure . The asymptotic symmetry group for Einstein
gravity at null infinity should thus include the closure of Virasoro under shadows within Diff(S?).
The Ward identity for this enlarged symmetry group is equivalent to the Cachazo-Strominger
soft theorem [13]. If one allows more general convolutions than the shadow transformation, the

asymptotic symmetry group extends to all of Diff(S5?).

Superrotation Ward Identity Shadow Superrotation € Diff(5?) Ward Identity
(out][Qy-— 1. S]lin) =0 shadow (outl[Qy.__y o2, S]lin) =0
6(z—w) Y+ = 2 G-
B 31

Subleading Soft Graviton Theorem

limo(l + wd,){out|a_(q)S|in) = SW~(out|S|in)

Figure 1 — Superrotations imply the subleading soft graviton theorem so long as the asymptotic

Virasoro symmetry group is enhanced to include shadow superrotations.

We thus come away with a better understanding of both the debate around Virasoro, gener-
ated by local CKVs, versus Diff(S?), generated by arbitrary vector fields, and the interpretation
of conformal primaries with analytically continued conformal dimension with respect to the
principal continuous series basis. Moreover, the machinery we develop is primed to tackle in-
terpretations of further subleading soft modes [22,24] which are not pure gauge, as well as the
corresponding memory effects in gauge theory and gravity which involves a careful handling of
an admixture of incoming and outgoing modes as explained in [19]. We leave these interesting
topics to future work.

This paper is organized as follows. We begin by establishing our coordinate conventions
in section In section , we review properties of the Mellin transform (section and the
relevant conformal primary wavefunctions from [16] (sections[3.2§3.3). We build most of the tools

we will need in section 4l In section [4.1] we use properties of the Mellin inversion theorem to
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define a useful distribution that helps us analytically continue results previously established for
wavefunctions on the principal series. We discuss practical regularizations of this distribution
and then show in section how applying them offers a quaint interpretation of modes off the
principal series in terms of superpositions of modes on the principal series. This straightens out
previous attempts [34] at interpreting symplectic pairings between wavefunctions with arbitrary
conformal dimensions (section and clarifies the principal series mode expansion [16,(19] which
we write down in section [£.4, We conclude this section by combining these results and tools to
define analytically continued mode operators in section which we connect to soft charges for
asymptotic symmetries in section . Sections and are mainly a review of the results of |19]
which identified the conformal primary modes corresponding to the leading soft photon and soft
graviton theorems. In section [5.3] we apply the methods of section [ to the subleading soft
graviton and identify the spin-two Goldstone modes h2 and h° with generators of the proposed
Virasoro and Diff(S5?) symmetry groups of Einstein gravity at null infinity. We show how a
careful treatment of contact terms puts them on equal footing in computing the soft charges. As
a further payoff, this illuminates an under-appreciated connection to the work of [29}31] even for

superrotations.

2 Coordinate Conventions

We begin by outlining our coordinate conventions in this section. Cartesian coordinates on

four-dimensional Minkowski spacetimeﬂ RY3 are related to Bondi coordinates (u,r,z, %) by the

transformation
_ = 1 22
X' =u+r, Xlerjsz, 2 iy 277 S=r Zf, (2.1)
1422 1422 1422
which maps the Minkowski line element to
2
ds® = —du® — 2dudr + 2r*y.:dzdz  with  7,; = m ) (2.2)

One reaches future null infinity Z* by holding (u, z, Z) fixed and going to large r, and we refer
to the S? cross section of future null infinity as the celestial sphere. Corresponding quantities
exist in an expansion near past null infinity where v = u + 2r is held fixed in place of u, with a
corresponding past celestial sphere. For any asymptotic symmetry under consideration only an
appropriate diagonal subgroup acting simultaneously on future and past null infinity will be a
symmetry of the four-dimensional scattering problem [3].

A massless particle crosses the celestial sphere at a point (w,w) with momentum

P = wg (w,w), (2.3)

2We use signature convention (—, 4, +, +).



with w > 0 and ¢*(w, w) a null vector given by
¢ (w,w) = (1 +ww,w+ w, —i(w —w),1 —ww). (2.4)
Under an SL(2,C) transformation

aw + b . aw+b

w — , W — =, 2.5
cw+d cw+d (2:5)

¢" transforms as a vector up to a conformal weightf|
¢ = q" = |cw+d|T2A g (2.6)

Here ad — bc = 1 and A*, is the associated SL(2,C) group element in the four-dimensional
representation. Note that null vectors (2.4) satisfy

¢"(w, w)g,(w', w') = =2w —w'*, (2.7)

and the derivative of ({2.4)) with respect to w (w) gives the photon polarization vector €/ (e) of
positive (negative) helicity:

B = V26" (q) = (w,1,—i, —w) , Oaq" = V2e%(q) = (w,1,i, —w). (2.8)

These satisfy
€w - q=0, €, €,=0, €,-€g=1, (2.9)

and similarly for w <> w. The graviton polarization tensor of positive (negative) helicity is

uyo__ v L i
€ = €ty (Eii - 61?)6117)'

3 Conformal Primary Wavefunctions

Four-dimensional scattering amplitudes were recently shown [15]/17] to exhibit conformal prop-
erties when the standard plane wave basis is replaced by a basis of so-called conformal primary
wavefunctions [16]. For massless fields this can be achieved via a Mellin transform. In this section
we review the construction in [16"7_[] of conformal primaries in gauge theory and gravity which
form a complete conformal basis for single particle states when the spectrum is the principal

continuous series of the Lorentz group.

3The energy p’ = w(1 + ww) transforms as p® — p°AY while w — w|cw + d|?.
4This builds on earlier work [36(39] using the embedding space formalism.



3.1 The Mellin Transform

The Mellin transform is defined as follows

MUNA) = [ ot ) = 48, (3.)
with the inverse transform given by
1 c+1i00
M) = 5 [ dBwe(a) = f). (3.2

The Mellin transform is well defined for functions f(w) such that

/00 dww™ 1 f(w)| < 00, (3.3)

0

for some k > 0, and the existence of the inverse transform requires ¢ > k. If these conditions are
satisfied then we have the identity

p(A) = MM [][(A). (3-4)

3.2 Conformal Primaries from Mellin Transforms of Plane Waves

The Mellin transform (3.1]) and its inverse transform (3.2)) allow us to go back and forth between
the plane wave basis of the standard momentum-space formulation of massless scattering pro-
cesses and wavefunctions that transform as conformal primaries under the Lorentz group. The

relevant pair of functions is given by

flw) = eFaX—=wd®  with >0,

H(A) = (Fi(ﬁi — X;@,gqo)A with Re[A] > 0 (3.5)
= ¢S (X wyw)

where in the last line we introduced the massless spin-zero conformal primary wavefunction.
Spin-one and spin-two massless conformal primary wavefunctions are gauge equivalent to Mellin
transforms of plane waves multiplied by the appropriate polarization vectors and tensors as we
will discuss in the following. Note that the ie-prescription in (3.5) is added to make the Mellin
integral convergent or to circumvent the singularity at ¢ - X = 0. This can be achieved by the
imaginary timelike shift X* — X% = X* 4 ieV*#* with V#* = (—1,0,0,0). The appearance of the
conformal factor ¢° = 1 + ww is a consequence of the parametrization of the momentum (2.3)-
(2-4). In Bondi coordinates X? is then regulated at the light-sheet by u — u F ie.



3.2.1 Gauge Theory

The outgoing (+) and incoming (—) massless spin-one conformal primary wavefunctions are |16,
18]
(=4~ X4)0agy + (0aq - X)au

A+ R
An (X w,w) =

(—q- X, )A+H 36)
_ A-1 \/i(j:l)AvA,:t + \V4 A+ ‘
A [(A) me na
where a = w or w and Vlfa’i is the Mellin transform of a plane wave
Vit = €uad™" (3.7)

with the polarization vector €., = \/Li@aqu and the residual gauge parameter is

8aq . Xi
A+
a; = A—q X (3.8)

The wavefunctions (3.6)) satisfy both Lorenz and radial gauge conditions
VHARE =0, XEART =0, (3.9)

and are solutions to the source-free four-dimensional Maxwell equations, which reduce in this
gauge to
At
V,VPALE =0, (3.10)

with field strength F2% = V, AR+ — V, A2 given by

ursa ;a

FA,i _ (A - 1)(QuaaQV - QVaaqM)
wvia (_q . Xi)A-&-l :

(3.11)

The wavefunctions (3.6 transform as two-dimensional conformal primaries with conformal
dimensions (h,h) = (A + J,A — J) under an SL(2,C) Lorentz transformation:
aw+b aw+b

A+ v. _ 2h (= — N2h A 0 AAE . —
A (APVX o EJJ—HZ) = (cw + d)*"(cw + d) AJAG, (X?;w,w), (3.12)

where the index a = w corresponds to the spin J = +1 (positive helicity) while @ = w corresponds
to J = —1 (negative helicity). In two-dimensional conformal field theory, the shadow transform
maps a primary with conformal dimension A to a primary with conformal dimension A=2-A.

The shadow transform of the spin-one conformal primary wavefunction (3.6)) is |16]

—_~—

At = (—X3)RAZ A = ALE (3.13)

Hia



3.2.2 Gravity

The outgoing (4) and incoming (—) massless spin-two conformal primary wavefunctions are

1I(=¢ - X2)0ag + (Fag - X)ul[(=q - X2)0agy + (0aq - X+)q, ]

At _
a0 = (4 X7 3.14)
_A-1 (£0)2 A + A+ .
——V b,
S AT e Vel VG
where V,3:F is the Mellin transform of a plane wave
Vit = €uad™* (3.15)
with polarization tensor €,,., = %&lqu@aqy, and the residual diffeomorphism is
241\ (mg- X))t 2(—g - Xy)B ! '
They satisfy harmonic and radial gauge conditions
Mhon =0, VFhE =0, X{RpE =0, (3.17)
and are solutions to the vacuum linearized Einstein equations, which reduce to
V,VPhiye(X* w,w) = 0. (3.18)

The wavefunctions (3.14]) transform as both a four-dimensional traceless symmetric rank-two
tensor and as two-dimensional spin-two conformal primaries with conformal dimension (h, h) =
(A + J, A —J) under an SL(2,C) Lorentz transformation:

At yaw+b aw+0\ _ AT (= A—J o)At
ha (AHVX ’Cw—i-d’cw—i—d) = (cw + d)> (ew + d)> A LA hoy (X w,w) . (3.19)

The two-dimensional index a = ww corresponds to spin J = +2 (positive helicity) while a = ww

corresponds to J = —2 (negative helicity). The shadow transform of the spin-two conformal
primary wavefunction ({3.14)) is [16]

his = (—X3)17202, 0% = o (3.20)

nvia uvia

and has conformal dimension A = 2 — A.



3.3 Conformal Basis

To determine the values of the conformal dimension A of the spin-one and spin-two conformal
primary wavefunctions relevant to physical scattering processes we now turn to a discussion of

the conformal basis. A natural inner product between complex spin-one wavefunctions is
(A, Ay = —i / dyr [AYF", — A™F,] , (3.21)
and between complex spin-two wavefunction is (see e.g. [40-43])
(h, W)y = —i/dEP [h’“’Vph’fw—2h"”V“h’zy+hV“h';M—hvph'*—i—hWV“h’*—(h < W), (3.22)

where X is a Cauchy surface and i = h? vanishes for conformal primaries due to the tracelessness
condition (3.17). The inner products for Mellin representatives Vﬁa’i and VAF  defined in

pria ?
equations (3.7) and (3.15) for A on the principal continuous series of the Lorentz group, i.e.
A = 141X\ with A € R, were evaluated by one of us and Shao in [16]. The result for both

spin-one and spin-two on a constant X° slice is
(VIHAE YIENEY 4 (0m) 48,00 (w — w')S(A = V), (3.23)

and hence pairs A = 1 4+ ¢\ modes with their A = 1 — ¢\ partners. It was further shown that

these form a complete basis for finite energy wavefunctions[]

4 General Conformal Dimension

In this section we show that conformal primaries with A € C can be expressed as a superposition
of conformal primaries on the principal continuous series A € 1+ ¢R. It is then natural to
expand general fields and define asymptotic charges purely in terms of primaries on the principal
continuous series. We compute the inner product for conformal primaries with general conformal
dimension and use it to define operators that shift the gauge field and the metric at null infinity.
We will be particularly interested in special values of A € Z corresponding to Goldstone modes
of spontaneously broken asymptotic symmetries |16}/18]. These operators will be related to soft

asymptotic charges in section [5

5These inner products are invariant under gauge transformations that vanish sufficiently rapidly. They are
not invariant under large gauge transformations, which are zero energy modes. This is important when compar-
ing (3.23) to (4.20) and (4.21)).

10



4.1 Generalized Delta Function

Given the existence of the Mellin transform and its inverse as stated in section [3.1] we begin
with the identity

p(A) = MIMT]I(A), (4.1)
which, using the definitions (3.1])-(3.2), is explicitly
00 1 c+i00
p(A) = / dww™ ™1 — dzw *p(2)
0 2mi c—100
(4.2)

- /::O(_idz) (% /0 ) dwwA‘Z‘l) p(2).

This leads us to define the distribution
1 [e.e]

A(i(A—2)) = %/0 dwwt 71 (4.3)
which will serve the role of a generalization of the Dirac delta function to the complex plane with
the property

c+ioco
P8) = [ (-id)3(A - 2)ela), (4.4
for A € C, and ¢ determined by the condition for existence of the Mellin inverse described above.

In what follows, we will need to distinguish the three different conditions the z-contour c+iR

in (4.4) can obey.
e For ¢ = Re(A) we have Re(A — 2z) = 0 in the integrand of (4.4). In this case, the
generalized distribution (4.3)) reduces to the Dirac delta function with argument Im(A — z),

as can be shown by a change of variables w = e”.

To discuss the other types of contours, it will be useful to introduce the following regulated

versions of the generalized distribution (4.3)) which converge on the respective contour.

e For ¢ < Re(A) we define

1 oo
0,~(i(A —2)) = —/ dww®* 1e™ | Re(A—2) >0
0

where v > 0.
e For ¢ > Re(A) we define

1 o
0, <(i(A—2)) = 2—/0 dww* e/ Re(A —2) <0

where v > 0.

11



The Gamma functions appearing in these expressions can be analytically continued to the entire

complex plane except for an infinite set of poles at the non-positive integers. These expressions

are to be understood inside contour integrals of the form (4.4) which can be computed using
Cauchy’s theorem from the residues of the Gamma function

(="

Res,— ,['(z) = ———. 4.7

sl (@) = iy (17)

We will now show that the analog of (4.4) holds when one substitutes (4.5)) or (4.6)) for (4.3))

and takes the v — 0 limit, namely that
ctioco
©(A) = lim (—id2)d,,=(1(A — 2))p(z) . (4.8)

v=0 c—100

Let’s start with the regularized distribution in (4.8). First, note that I'(A — z) — 0 as
Re(z) — +oo. We would thus like to close the contour in to the right. We will be allowed
to do so, so long as ¢(z) does not grow fast enough to negate or outpace the suppression of the
Gamma function along this arc. We will allow ¢(2) to have poles at some set of points {2} in

this region. Since Re(A) > ¢ we also pick up the residues of the poles of the Gamma function at
z=A+nwithn € {0,1,2,...}. Then, using (4.7) we arrive at

c+ioco

lim (—idz)d, > (i(A — 2))p(z) = lim [Z V" T(n + T+ 1) ©(A+n)

v—0 . v—0

+ Z vHETAD(A — zk)Reszzzkgp(z)] (4.9)
k

= p(A),

where the only contribution to the sum comes from the n = 0 pole of the Gamma function, so
long as Re(zp — A) > O.ﬂ We have shown that (4.8) holds for (4.5) if

1. T(A = 2)¢(z) = 0 as |z| = o0, Re(z) > ¢,
2. ¢(2) has no poles in the strip Re(z) € [¢, Re(A)].

A similar sequence of steps will reach an analogous conclusion for in . Closmg the
contour to the right since I'(z — A) — 0 as Re(z) — —oo we find that . holds for

1. T'(z — A)p(z) = 0 as |z| = oo, Re(z) <,

2. ¢(z) has no poles in the strip Re(z) € [Re(A), c].

6Note that if there is a 23, such that 2z, = A+n for n € Z then this corresponds to a double pole in I'(A—z)p(2)
rather than two single poles. This will modify the residue formula but so long as conditions 1. and 2. hold they

are damped in the ¥ — 0 limit.

12



We conclude this section with a word of caution about evaluating the regulated distribu-
tions (4.5) or (4.6) at Re(A — z) = 0 as ¥ — 0 and expecting to get a Dirac delta function in

Im(A — 2). Letting A — 2z =iy and k = —logr, (4.5) and (4.6 become

<

&>MA—Z»:§%W@NiWL (4.10)

and lim v — 0 corresponds to lim k — oo. This behaves as a distribution in y as follows. Over
the (infinitesimal as k& — oo) window [y — 2=,y + 2] the phase e**¥ switches sign. So long
as I'(xiy)p(A F iy) is slowly varying in y the contribution of this window to vanishes.
Meanwhile, for generic ¢ this condition precisely breaks down near y = 0 where the Gamma

function has a pole and

mY

@>WA—zD~i21

<

(cosky £isinky). (4.11)

The k — oo limit of the imaginary part of this expression, while divergent as y — 0, is still odd
in y and its contribution to (4.4]) will also average to zero over a small window centered at y = 0.
The real part of is a familiar representation of the Dirac delta function with non-trivial
support at y = 0 but multiplied by 3. How did we get $6(y)? What we have really been doing
is taking the ¢ — Re(A) limit of on the ¢ < Re(A) contour (or of on the ¢ > Re(A)
contour). In doing so the n = 0 pole of the Gamma function now lies on the integration contour.
To insure still holds, for the ¢ — Re(A)~ contour would need to be deformed by a
small arc leaving the pole at z = A to the right of the contour, while for the ¢ — Re(A)™T
contour would need to be deformed by a small arc leaving the pole at z = A to the left.

As a final remark, it is worth noting that while the choice of regularizations in and (|4.6])
may seem somewhat arbitrary, they actually naturally appear as the ie regularization of space-
time singularities in our wavefunctions . Indeed, in the inner product computation in ap-
pendix [A| we actually see the integrand in , with v replaced by 2e¢”, appearing in
before taking the ¢ — 0 limit. We can thus expect any analysis involving admixtures of in
and out states — as necessary when examining electromagnetic and gravitational memory in the

conformal basis [19,/44] — to take these regularizations as physical.

4.2 Conformal Primaries with Analytically Continued A

Building on the results of the previous section we now show that conformal primary wavefunctions
with general conformal dimensions can be expressed as a superposition of wavefunctions on the
principal continuous series of the Lorentz group. This result follows after realizing that the
conformal primaries and satisfy the conditions 1. and 2. on ¢(z) discussed in
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section ([4.1)) for the ¢ 2 Re(A) contours with ¢ = 1. We can thus substitute A%F and h2:¥ for
¢(z) in ([&8) and deform the principal series contour[]
Conformal primaries with with conformal dimension lying to the right of the principal series

Re(A) > 1 can be expressed as

1 1+i0c0
AA (XM w, W) = lim — / dz v AT(A — z)AZ’;f(X“; w, W),
1

v=0 270 J1 _ioo
Ll (4.12)
A+ nw. — z—A z,+ w.
b (X w, w) = ll/lgr(l] 57 /1_2'00 dzv" 2T(A — 2)hi7 (XH w, w) .

To verify this, note that the z-dependence of the integrand for either spin takes the form
<L> 'A—-2)—0, Re(z)— +o00. (4.13)
—q- X4

Applying the results of section we close the contour to the right of the principal continuous
series, picking up the residues of the poles of the Gamma function at z = A+n forn = {0,1,2,...}

while there are no poles in our corresponding ¢(z) to worry about. Using

- A+n (_1)n -y, A
P s e A (4.14)
e I'(n+1)
we arrive at
v v A 1
lim 2 ex {_ (_)} (_> - 115
v=0 P —q- Xy —q- Xy (—q- Xi)2 (4.15)

thus validating (4.12)). An analogous line of arguments holds for the shadow primaries ({3.13])
and (3-20) for Re(A) > 1 with the same contour.
Conformal primary wavefunctions with conformal dimension lying to the left of the principal

series Re(A) < 1 can be expressed as

1 1+i00
AA E(XHw, W) = lim — / dz AT (2 — A)Ai’;f(X”; w, W),
1

v—0 271

At . — - A—z o z,+
b (X w, w) = ll/lir(l] 5 /1_2'00 dzv= " T(z — A)hyo (XH w, w) .
In this case,
(v(—q-X Fie)) "T(2—A) =0, Re(z) > —o0, (4.17)

"This is somewhat reminiscent of the contour deformations employed in the CFT literature to translate between
conformal partial waves on the principal series and conformal blocks. While the integration kernel in
and may be non-standard, its asymptotic behavior gives the desired convergence of the deformed principal
series contour for which we recover conformally soft Goldstone modes with integer conformal dimension. Moreover,
the regulators in and are natural given the comments at the end of section
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§1+M §1+M

(a) Contour deformation for Re(A) > 1. (b) Contour deformation for Re(A) < 1.

Figure 2 — Conformal primaries with general conformal dimension A can be expressed as integrals
along the principal series contour z = 1 + i\ with A € R. Depending on whether Re(A) =2 1 the
contour is deformed to the right or left . For illustration we have drawn the pole positions
corresponding to A = 2 and A = 0 in (2a) and , respectively. Using and , we

see the same contours are relevant for the shadow modes with A = 2 and A = 0, respectively.

and we thus close the contour to the left picking up the residues of the poles of the Gamma
function at z = A —n for n = {0,1,2,...} while there are again no poles in the corresponding

©(z). We get a sum of the form

fo —A+n <_1)n — oY —-A 4 18
ot y F(TL _|_ 1) € y Y < ° )
and so

. A - 1
fim 4 exp (=g X)) (= X)) = s

validating (4.16)). The same arguments can be repeated for the shadow primaries (3.13)) and ({3.20))
for Re(A) < 1.
We have thus shown that conformal primary wavefunctions (3.6) and (3.14]) (and their shad-

ows (3.13)) and ([3.20])) with arbitrary conformal dimension can be expanded in terms of conformal

(4.19)

primaries on the principal series.

4.3 Inner Product

We are now ready to discuss the inner product for conformal primary wavefunctions with arbi-

trary conformal dimension A. Relegating the explicit computations to Appendix [A] we reach
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the following results.ﬂ The inner product (3.21)) between two spin-one primaries (3.6) is

Mﬁﬂ@Jﬁ&wﬂk::&@ﬂ%ﬂMQMAﬂiﬁi%%%wWWw—MWMA+A”—@)
(4.20)

For spin-two primaries defined in (3.14)) the inner product (3.22)) is

A—1+i)(A—1-

TAB - 1)(A-2) D b (w3 1A+ A" -2)).

(4.21)

As demonstrated in appendix [A] these expressions hold regardless of whether the Cauchy slice

(R (w), hﬁl’i(w’))g = £ (27)%etimA sin(Aw)(

Y is a constant X slice or taken to null infinity. The sin(7A) appearing in the inner products
introduces zeros for integer A except where cancelling poles appear, i.e. A = {0,2} for spin-one,
and A = {0, 1,2} for spin-two.

While orthogonality holds on the principal continuous series [16], the discussion in section
and highlights that we should not take the appearance of the distribution in —
(4.21) as an orthogonality condition that pairs modes of weight A with modes of weight 2 — A*
for arbitrary A € C. Indeed, the regulated distributions — generically give a non-zero
inner product between any two {A, A’} € C. Moreover, it makes sense that the inner product
between two such wavefunctions would generically be non-trivial since they can each be viewed
as a wavepacket of principal series wavefunctions. One should keep this caveat in mind when
interpreting the ‘pairings’ in [34] of spin-two modes away from the principal series with dimensions
zero and two. Besides its relevance for the subleading soft graviton mode which we examine in
section [5.3] this observation is also important for further subleading soft modes corresponding
to subleading soft photon and sub-subleading soft graviton modes [22,24] as will be addressed
in [45].

4.4 Mode Expansion

Now that we understand that conformal primary wavefunctions with arbitrary conformal di-
mensions can be expressed as a superposition of wavefunctions with A € 1 4+ R, it is natural to

expand general fields purely on the principal continuous series of the Lorentz group. An arbitrary

8Note that the pairings between the A = 1 Goldstone modes of gauge theory and gravity and their respective
canonical partners constructed in |19], namely the conformally soft photon and graviton, are not captured by the
righthand side of and . They can be readily obtained though from the combination of incoming and
outgoing wavefunctions discussed in [19] using the regulated versions - of the distribution .
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gauge field perturbation is given byﬂ

1+zoo
/d2 Z / —idA) [ 1o AAib*AJF(X“ w, w)ay p(A;w, w)
b=w,w (422)

+ NlTAA/ﬁ}; (XN’ w, w)al,b(A; w, U_J)T )

and an arbitrary metric perturbation is given by

1+i00
/d2 Z/l (—idA) [ o Ahiyff(X“ w, w)ag p(A;w, w)

(4.23)
—i—./\/'QAhlwb(X“; w, w)agp(A;w, w)*] )
Here we have introduced the normalization factors
i (A-1) 77V
Nl:l,:A = |:2(27T)4€:t AS]D(Aﬂ)m s (424)
and L2
) . A-14+0)A-1—-14)]"
+ — 9 4 4w A ( 425
N2,A |:( ﬂ—) € Sln( ﬂ—) FA(A— 1>(A—2) ) ( )
so that the creation and annihilation operators with spin 7 = {1,2} obey the commutation
relations
(a0 (A, w, D), a0 (A, W, 0)] = S0P (w — w)S(E(A + A —2)), (4.26)

where we have used ./\/']ﬂ;_ a = Njix. On the principal continuous series, where A = 1 + 4},
A" =14\ with A\, \' € R, this reduces to the standard Dirac delta function 6(A — \').

4.5 Analytically Continued Quantum Modes
Let us now define the following operatorﬂ
QL (w, @) = i(A, A2 (w,0))s, Q5. (w,w) = i(h, hy: T (w, @)y . (4.27)

Using the mode expansmns - the results for the inner products (4.20) -, and
the relation , these reduce to

Qm— i(NTA)™ tayo (A w, ), Q2a_ i(Nya)™ Yaga(A;w, ). (4.28)

9Subtleties involving zero modes were examined by two of us and Strominger in [19]. Memory effects, discussed

there for A = 1 conformally soft modes, involve admixtures of incoming and outgoing modes. A proper treatment

of those in the mode expansions (4.22]) and (4.23) goes beyond the scope of this paper; we will return to it in [44].
1ONote that conformal primaries with analytically continued conformal dimension away from A € 1+iR do not

obey the standard fall-off conditions near null infinity. The associated operators (4.27)) are divergent and need to

be renormalized. In section [5| we will outline this for the conformally soft gravitons h° and h2.

17



These operators shiff'!] the gauge field as

[Q,(w, @), Ay (X)] = iAp (XH;w,w) (4.29)
and the metric as
[Q (w, @), By (X)] = i (XH; w, ) . (4.30)

In particular, this implies that acting with these operators on the vacuum produces single particle

states with conformal primary wavefunctions of dimension A:

(01QT, (w, @) A (X)]0) = i AR, (X*;w, w), (4.31)
and
(01Q3 4 (w, W)y (X)[0) = ihiy o (X" w, ). (4.32)

The notation for the operators Qﬁa is intended to be suggestive. In the following section, we will
show how for certain values of A for which the conformal primary is pure gauge, the operators

fa correspond to soft charges in the full (matter-coupled) theory when we take the Cauchy slice

Y to future null infinity Z+[17]

5 Asymptotic Symmetries

Soft theorems in gauge theory and gravity imply Ward identities for corresponding asymptotic
symmetries [3]. Whenever there is a gauge transformation that obeys some boundary conditions
but acts non-trivially at the boundary, one can use the canonical formalism [41,43] to construct
a non-zero charge associated to it. When Stokes’ theorem is used to express this charge as an
integral along null infinity, the part of the charge linear in the fields is referred to as the soft
charge [3]. While the soft theorem/Ward identity connection becomes nontrivial only in the full
(coupled) theory, the inner product of an arbitrary field perturbation with a Goldstone mode
is enough to identify the soft part of the charge. Indeed the soft charge is the operator which
generates an inhomogeneous shift of the gauge field tangent to the asymptotic symmetry.

It is thus natural to try to map any residual gauge transformations to soft charges. In [10]
it was shown that for certain values of the conformal dimension the conformal primary wave-
functions A® and h*?, defined in (3.6 and , and their respective shadows A% and EQ*A,
defined in and , reduce to pure gauge or diffeomorphism modes. By inspecting their
large r behavior near null infinity, these can be seen to correspond to Goldstone modes of spon-
taneously broken asymptotic symmetries of gauge theory and gravity. This is summarized in
table [II

"UHere we have used ([4.4)), /\/}%27 A= N;FA and the fact that on the principal continuous series A* =2 — A.

12For past null infinity, the soft part of the charge transforming the in state will be related to particular (Qﬁa)T.
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A A
Al hi,
A 1 1 0

symmetry | large U(1) | supertranslation shadow superrotation € Diff(S?)

Table 1 — Goldstone modes of spontaneously broken asymptotic symmetries of gauge theory and

AA=2—A TA=2-A
Al and hy,;

gravity. The corresponding shadow modes are also pure gauge. While Aﬁzl

and hﬁfl are their own shadows, the shadow of hﬁfo is the superrotation mode ﬁgyﬂ.

In the following sections we will show that we can identify soft charges in gauge theory
and gravity with the operators Qﬁa defined in section , which by — generate an
inhomogeneous shift in the gauge field or metric by the Goldstone modes of table [T, For the
leading soft theorems, the computations in sections and will essentially be a review of
results in [19], involving the Goldstone modes A, = ZL and h, = %}W, to which we add that
now we can interpret these charges in terms of conformal primary creation operators by equating
the corresponding charges to Qﬁa for spin j = 1,2 and A = 1 and then using .

The subleading soft graviton case, which we address in section 5.3} is more subtle. It turns out
that there are two Goldstone modes, hﬁfo and izéyﬁ, which are related by a shadow transform.
Certain aspects of these modes have already been studied in [19] and [34], but the results of
section (] add an important insight: the subleading soft graviton can be viewed either as an
analytic continuation away from the principal series or as a superposition of radiative (on the
principal series) modes. Unlike the leading soft graviton, these analytically continued modes are
not each canonically paired with only a single other mode as is clear from thus generalizing
the result of [34]. Our main focus in section [5.3| will be the identification of these two Goldstone
modes with the generators of celestial conformal symmetry. A crucial point is that previous
treatments of the superrotation vector field associated with the Virasoro asymptotic symmetry
group have dropped contact terms which are radially divergent and modify the round metric of the
celestial sphere at isolated points. This is reminiscent of the action of general diffeomorphisms
on the celestial sphere which have been proposed as a distinct extension of the original BMS
group. Here, we will show that the superrotation primary 1% and the Diff(S?) primary A", which
we refer to as a shadow superrotation, appear on equal footing in a careful treatment of contact
terms. We evaluate the operator ]-A:Q,a and its shadow for A = 2 and A = 0, interpret them
in terms of the soft part of the superrotation and Diff(S?) charges [3}29.31],35] after a suitable

renormalization procedure, and discuss their relation to the 2D stress tensor and its shadow.
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5.1 Large U(1) Kac-Moody Symmetry

For conformal dimension A = 1 = A the spin-one conformal primary (3.6)) and its shadow ([3.13)

degenerate to the same Goldstone mode

AL = 0,01 = AL, 5.1)
with
al® = —9,log(—q- X4). (5.2)

At future null infinity Z* the angular components of the Goldstone mode A}ﬁ for positive helicity

(a = w) takes the form

1

(z —w)?*’

AL, =— AL, = 216 (2 — w) (5.3)
where we dropped the + label since the there no longer is a branch cut. The temporal and

radial components of the gauge field near null infinity behave, respectively, as A}L;w ~ O(1/r)
and A}, ~ O(1/r?). Hence, A}, obeys the standard fall-off conditionﬂ and obviously has a

psw

vanishing field strength. We recognize the angular expressions (5.3) as the Goldstone modes of

spontaneously broken large U(1) gauge symmetry
AL, =0.c,, AL, = 0y, (5.4)

where the large gauge parameter ¢,, is the boundary value of a, on Z+

1
fw =0 (5.5)
Evaluating ([£.27) for A =1 and a = w we find"]
Q@EKAAf%wz—/MfZ@%@?+&M&O- (5.6)

Comparing this with the definition for the soft charge for the corresponding asymptotic U(1)
Kac-Moody symmetry [3],46]

1
Qo = —e—Q/dudQZ (0, FY + 0z FY, (5.7)

we find (after reinstating the factor 1/e? in the definition of the charge operator)

Q= Qe = L. (5.8)

130ne indeed usually (see e.g. |3]) takes the fall-offs A, ~ O(1/r), A, ~ O(1), A5 ~ O(1).
14The superscript (n) denotes the order % at which the fields appear in the large r expansion.
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5.2 BMS Supertranslation Symmetry

Supertranslations are generated by arbitrary functions on the sphere f = f(z,Zz) and take the
form (see e.g. [3])

(r = fOu+ %DQfar — %DAf(?A +..., (5.9)
where sphere indices A = (z, Z) are raised and lowered with the round sphere metric y45 and
its inverse, while D4 and D? = D,D* denote, respectively, the covariant derivative and the

Laplacian with respect to y4p. The action of supertranslations (5.9) on the free gravitational
data Cup defined by gap = r?*yap +1Cup + ... is

(SfCAB = féuOAB - QDADBf + ’}/ABDQf . (510)
In [19] it was shown that the inhomogeneous part of the transformation (5.10)),
03" Cup = —2D4Dpf +vapD’f (5.11)

is generated by spin-two conformal primaries with dimension A =1 = K, where the conformal

primaries and their shadows again degenerate to the same Goldstone mode

Wbt = V.E v CE =Rl (5.12)
with diffeomorphism vector
1
Gt = = Rlaulog(—q X)) (513)

Near future null infinity Z*, the vector field 77“”(,}538# becomes the generator of supertrans-
lations with supertranslation parameter for positive helicity a = ww given by
1 (z —w)
fuw = A(z—w)(1+22)
The leading components of the metric no longer have a branch cut that we have to regulate and
so we will drop the + label in the following. In terms of , the gravitational data given by
the angular component of the Goldstone mode for positive helicity a = ww,

(5.14)

S Al ) A Gt (5.15)
ww = w)3(1 + 22) ] ww T T gy '
can be written as
Cloww = —2D2 fuw Csww = —2D2 fuw - (5.16)

This corresponds precisely to a pure shift (5.11) induced by large diffeomorphisms on Z*.
Hence (5.12) is the Goldstone mode of spontaneously broken BMS supertranslation symme-
try. The remaining metric components obey the standard fall-off Conditionﬂ and the Bondi

news tensor defined as N}p . = 0uClhip.we vanishes.

15Usually, one fixes Bondi gauge and demands the fall-offs hy, ~ O(1/7), huyr ~ O(1/72), hy. ~ O(1),
hug ~ O(l), hzz ~ O(’l"), hzg ~ O(].), hgg ~ O('I")
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Evaluating Q3 ,,,, gives

Qb = i(h W37 = / QP /7 (Ol N7 + Clap N7). (5.17)

Comparing this with the definition for the soft charge for the corresponding supertranslation

symmetry [3,47]
1

167G
we find (after reinstating the factor 1/(167G) in the definition of the charge operator)

QY = dud?z\/7 (D*fN* + D?fN*), (5.18)

Q2 aww T QSOft[fww = _i%] . (519)

5.3 Superrotation and Diff(5?) Symmetry

Besides the A = 1 Goldstone modes for gauge theory and gravity, for spin-two there exist addi-
tional Goldstone modes away from the principal series. These are spin-two conformal primaries

with conformal dimension A =0

1
RoE =V, 0% 4+ v, with ¢0F = —Z(—q - X1) 04]qu0ulog(—q - X1)], (5.20)

ursa a wa

and shadow dimension A =2 — A = 2,

REE =V, 25+ V55 with ¢4F = —5 432[Xi(qp5’aqu — qu0aqp)log(—q - X1)],  (5.21)

which are related by the shadow transform (3.20]) as

hoE = (=X2)h2E = h2E (5.22)

pvia nvia nria

The vector fields in (5.20) and (521" both satisfy the condition D=0 and are related by [18]

0allt = _Lgpeos (5.23)

6(1/LCL

We will show below that these correspond to particular Diff(S?) vector fields parameterized by

the leading data in and (| -

In harmonic gauge, dlffeomorphlsms of the celestial sphere are generated by the vector field

2
&y = uad, — <ar +u (% - 2> a) or + (YA + %((D2 +1)Y4 — 2DAa)) Oa+ ..., (5.24)

16They should not be confused with the vector field ¢ defined in (3.14)). E.g. ¢2=0 is related to the vector
field in ‘) via fgga = CB;a - %aaQV<aaq ’ X)
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where Y4 = Y4(z,%) is an arbitrary vector field on the sphere and we have introduced

= %DCYC. A detailed derivation of the form is presented in Appendix |B| where we
discuss various subtleties that arise when Y4 is not a conformal Killing vector on the sphere,
as well as the appearance of logarithmic terms at subleading orders, which are necessary for
the diffeomorphism to satisfy the harmonic gauge conditionm It is important to notice
that Diff(S?) vector fields are over-leading, in the sense that they modify the metric of the ce-
lestial sphere. Indeed, the action of the Lie derivative along on a metric of the form
gan = r*yap +1rCup + ... is given by

dyyap = DaYp + DpYs — 2av4p,

5.25
5YC’AB = (au8u+£y —Oé)CAB —QUDADBOZ+UDA(D2+1)YB. ( )

At this point, an important comment is in order. The first proposed extension of the BMS group
in the literature [8,10-12] considered superrotations which are local conformal Killing vectors that
enhance the Lorentz group to two copies of the Virasoro algebra. The surface charges associated
to superrotations as well as their algebra were derived in [35] (see also [52,53]). Because they
violate the CKV condition D,Yg 4+ DpYa = 2ay4p locally, these meromorphic superrotations
change the celestial sphere metric by adding singularities at isolated points. This was physically
interpreted in [54] as due to cosmic strings piercing null infinity. As we will see in the following,
keeping careful track of these singular terms puts Virasoro on equal footing with Diff(S?) as far
as their Ward identities are concerned. Indeed, the A = 0 and A = 2 Goldstone primaries (5.20)
and which we will in the following relate to Diff(5?) and Virasoro symmetry, respectively,
are related by a shadow transform, and so are their corresponding soft charges.

The action on the news tensor Nag = 0,Csp can be read from ([5.25)):
Oy Nap = (au@u + Ey)NAB —2D4Dpa + DA(D2 + 1)YB . (526)

The inhomogeneous parts of the transformations above induce the following shift on the metric

functions: _
Oy ap = DaYp + DpYa,

§§/hiftCAB = 2uD,Dpa+uD(D* +1)Yp, (5:27)
5§}1iftNAB = 2D, Dga + Dy(D?* +1)Yp.

We will now show that the primaries ((5.21)) and (5.20]) are the harmonic gauge diffeomorphisms
of the celestial sphere which generate pure shift transformations (5.27)) for given Y4 = Y4(z, 2).
Finally, we will compute the operator (4.27) for both Goldstone modes and identify it with the

soft part of the canonical charge for superrotation and Diff(S?) symmetry.

17See references [48151] for other analyses of residual gauge transformations in harmonic gauge.
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5.3.1 A =2 Goldstone Mode

We begin by quoting the gravitational data for the A = 2 Goldstone mode (5.21)) for positive

helicity a = ww
u

C2 o = et (5.28)
which implies the Bondi news tensor N, 2w = E)uéfz;ww,

-, 1

A — (5.29)

zZ;ww (Z . w)4

The news is conformally soft as defined in |19] as it transforms as a primary with conformal
weights (h,h) = (2,0) under an SL(2,C) transformation. It moreover has the form of a pure
(meromorphic) superrotation; indeed, near future null infinity Z*, the vector field 249, for
a = ww matches the expansion of with

1

Ve o—
v 6(z —w)

Y2, =0, (5.30)

which is a (complexified) superrotation. As already pointed out in [19], the Bondi news tensor

can be expressed as
NZ. .. =—D%; (5.31)

ZZ;ww zZ7Tww )

which is nothing but the pure shift transformation in (5.27) with Y4 given by (5.30). The
superrotation vector field ([5.30]) violates the CKV condition at isolated points, and thus changes

the celestial sphere metric by adding singularities:

2
Oyzz = Lyyzz = 27.:D:Y,, = %’7225(2)(2 —w). (5.32)

This inhomogeneous shift §58.. coincides with the leading O(r?) term in the expansion of the

primary near Z"

T2 _ 222 2
hZZ;ww =T qfi;ww + 7aC{ZZ;ww

+... (5.33)

while the O(r) term coincides with the inhomogeneous shift §57C;. in the gravitational data

~2
Céé;ww

1(1+ zw)*
— —uD2D.Y? 4 uDs(D* 4+ 1) Yoy = oz (14 =2 5 0. ) 6@ (2 —w). (5.34
DD Y+ DD+ Yo = e (145 o (- w). (5.3)

We thus see that the spin-two primary (5.21)) is the Goldstone mode of spontaneously broken

superrotation symmetryE

18As in [14] a generic superrotation can be constructed via a contour integral in the reference direction w.

24



5.3.2 A =0 Goldstone Mode

A shadow transformation takes the positive helicity mode h? to the negative helicity mode

nr;ww
h,.ow With gravitational data
1 Z)(1 U —
OO = 28 (2 — ), OO gy = —2 IO [Fmw) g
(14 22)2 (z—w)?
and Bondi news tensor N2, ;. = 0,CY,.5p and N2 0 = 0,C% ;5. Near future null infinity, the
diffeomorphism £2#9), for a = ww takes the form (5.24) with the vector field
1(z—w)? -
Yu_fu_) =5 <27 /ui) ) Yu_fu_) =0. (536)
2 (z—w)
This diffeomorphism generates the shifts
Nws = —Di¥ia, Nemas = 7::D:(D* + 1)Y5, — DID.Y5, (5.37)
at O(r) while the leading O(r?) term in
hgz;ww = 7’2(_[22 ;WW + TCSZ ;WW o (538)
is generated by
)2
M . (5.39)

ﬁY’Yzz = Q’yngngw = Y2z (2 — w)

Hence, the spin-two primary is the Goldstone mode of spontaneously broken shadow
superrotation € Diff(S?) symmetry. Moreover, the vector field is the one needed in [31]
to show that the Cachazo-Strominger subleading soft graviton theorem can be obtained from a
Diff(S5?) Ward identity.

5.3.3 Soft Charges for Superrotation and Diff(5?) Symmetries

The soft part of the charges associated to superrotations and shadow superrotations € Diff(S?)
is obtained from the inner product at null infinity of a generic metric perturbation h with
the Goldstone mode or . However, because the Goldstone modes h° and h? violate
the standard Bondi fall-offs, the inner product is divergent and we need to employ a suitable
renormalization procedure that takes care of radially divergent terms. A remaining ambiguity
in defining the soft charge is fixed by demanding consistency with the subleading soft graviton
theorem. We outline these steps now.

In the language of the covariant phase space formalism (see [55] for a pedagogical review),
computing the inner product at future null infinity amounts to computing the Iyer-Wald
symplectic structure [42}56]

Q[0g,d'g; 9] = /+ wldg,d'g; g, (5.40)
T
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for the variations dg = h, 6’g = h’ around a fixed background ¢ and the presymplectic form is a

spacetime co-dimension one form[""] given by
w’[og,0'g; gl = /—g(W"'NPH ,, — 20N 1, — (h < 1)) (5.41)

We are interested in computing ([5.41)) with the metric perturbation A’ corresponding to either of
the Goldstone modes 2% or h?

LYWW prww

When computing the presymplectic form (see Appendix
for details), we find that it contains a radially divergent piece proportional to the inhomogeneous
shift of the celestial sphere metric. This feature was already noticed by Compere, Fiorucci
and Ruzziconi in the analysis of Diff(5?) symmetries [29] and can be expected as the latter are
over-leading symmetries in that they change the round metric of the celestial sphere.

A renormalization of the symplectic structure is therefore required in order to obtain finite
boundary charges. We will follow the procedure developed in [29], which exploits the fact that
the presymplectic form can be shifted by a boundary term, which expresses a residual ambiguity
in the definition of the presymplectic structure in the covariant phase space formalism [56]. After

renormalization, the symplectic structure is finite and we find (see Appendix
i(h, WY = Q" [3g,8'g; 6] = —6Qy (5.42)
where
Qy = / dud®z\/y (—D¥Y*C** — %DZDZYZCZZ +uD?Y*N* — gDzDngNﬁ) . (5.43)

There subsists a remaining ambiguity in adding boundary terms at null infinity which can be
fixed by demanding consistency with the subleading soft graviton theorem. This amounts to
adding the boundary termf”|

AQy = / d?2\/yu(DsYg + DgDeDYO)CAB (5.44)
to (5.43) and defines the soft charge
P = Qv+ [ a0y (5.45)

For Y4 = (Y#,0), as is the case for both A2 and A

v v We have

1 . .
/ dud,AQy = / dud?z\/y (D¥Y*C** + §D2D2YEC” +uD?Y*N* + gDQDngN”) . (5.46)

YWith the notation w = w”(d*z), and (d3z), = F;&puveda™ A dz” A dz°.
20Conformal primary wavefunctions obey the harmonic and a further residual radial gauge condition which is
incompatible with the Bondi gauge fixing employed in the literature in the discussion of Diff(S?) symmetry and

soft charges. We have therefore adapted the renormalization procedure of [29] to our gauge fixing.
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This yields the final result for the soft charge associated with (shadow) superrotations:
1
W= —— [ dud® D3¥Y*N* 4
P = g [ dufs/TuDY N, (5.47)

with Y = Y?(z, 2) and we reinstated 1/(327G) in the standard definition of the soft charge.

A few comments are in order. The expression for the soft charge which we derived
in harmonic gauge takes the same form in Bondi gauge [28,129,/57]. Moreover, the above coun-
terterm procedure highlights the importance of carefully keeping track of contact terms. For

superrotations generated by the Goldstone mode 1% with positive helicity (a = ww) we have

1
D}Y? =~ 5.48
ZT ww (Z _ w)4 ) ( )

while the radially divergent term in as well as the remaining terms in are contact
terms that get subtracted. In hindsight, this explains why previous discussions of the soft
superrotation charge got away with dropping contact terms altogether. The situation is inverted
for shadow superrotation symmetry where the final expression for the soft charge generated by

the Goldstone mode h° with negative helicity (a = ww) involves a contact term

DYz, = =216 (2 — w), (5.49)

zZ 7 ww

while the radially divergent term in and the remaining terms in are non-meromorphic
functions on the celestial sphere. Clearly, the renormalization procedure is needed to arrive at
a sensible soft charge. Moreover, the contact term is what establishes the equivalence
between the Diff(S?) Ward identity and the subleading soft graviton theorem [31].

Finally, we turn to the analytically continued mode operators defined in section [4.5] and
their role in the putative celestial CFT. For the superrotation Goldstone mode h? the asymp-
totic charge operator for A=2—A =2 and a = ww defined by ég;ww = i(h hZ )7+

) Prww

corresponds, after renormalization ([5.44) and ({5.46|), to the superrotation charge (5.47))

M2ren _ ?/Oft[yz —_1 yz _ O} . (550)

2, ww ww 6(z—w)’ ~ ww

This quantity appears as the 2D stress-tensor for 4D gravity [14,[19]
—6Gi - .
T = ﬁ / dud?z\/YN2, . yulN** = 120 Q3750 (5.51)

which is a weight (h, h) = (2,0) operator in the putative celestial CFT.
The asymptotic charge operator (4.27) for A = 0 and a = ww, defined by Q9... = i(h, hC )7+,

2;ww s Mww

corresponds after renormalization to the soft Diff(S?) charge

Yo = Q¥ Vi, = -3 Y, = 0], (5.52)

ww (2_@) )y T ww
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Defining the weight (h, h) = (—1,1) shadow stress tensor

~ 3 (w—w')?
Tow = — | W ——Ty 5.53
27/ v (w0 —w')? (5:53)
we find?l
Tww = 120 Q57T (5.55)

From the point of view of a putative celestial CF'T, the shadow transform thus puts superrotations

and Diff(5?) shadow superrotations on equal footing as illustrated in Figure [3|

shadow

0
Qz,ww

O
\'l\')l\')
2
g

renormalize
renormalize

shadow

ww W

!

~

Figure 3 — The shadow [58] and renormalization [29] procedures commute. The renormalized

quantities {7y, im} correspond to soft charges appearing in [8] and [31], respectively.

This relation elucidates the correspondence between the Ward identity for the Virasoro [8] and
Diff(5?) |31] symmetries and the subleading soft graviton theorem [13] as depicted in Figure .
While the former corresponds to the insertion of the 2D stress tensor into the S-matrix [14],
the latter corresponds to the insertion of the 2D shadow stress tensor . Moreover, the
relation between superrotations and the subleading soft graviton theorem becomes 1:1 when the
asymptotic Virasoro symmetry group is enhanced to include shadow superrotations. We thus
conclude that the asymptotic symmetry group of Einstein gravity at null infinity should include
the closure of Virasoro under shadows within Diff(5?). This extends to arbitrary diffeomorphisms
Y? = Y*(z,2) upon convolution of Tww with D3Y"%(w,w), integrating by parts, and using
D3YZ:. =216@ (2 —w).

wT ww

21Here we used that the positive helicity Goldstone mode h? is related to the negative helicity Goldstone

zZZ;ww
mode hgz;ww

result of [58] that

by a shadow transform on the celestial sphere where orders of r are not mixed, and made use of the

s L PO RON = ha) o s
/d E(Z—ZD’” (2 — z)h TRy Y B0 (@ = =), (5.54)

where Z?Zl h; = Z?zl h; = 2, hy — h; € Z. Convergence of the integral requires h; + h; < 2 for all 4 although it

may be extended by analytic continuation.
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A Inner Product

Here we evaluate the inner products (4.20) and (4.21]) for two choices of Cauchy surfaces X, one
at constant time X° = 0 and the other at null infinity. For appropriate boundary conditions (at
spatial infinity) one would expect the inner product to be the same for any Cauchy slice. The

computations in this appendix show that this is indeed the case.

A.1 Inner Product on X" =0 Cauchy Slice

Let us start by considering the X° = 0 Cauchy slice. To effectively compute the inner products
(A, ANy, = —i/dZO [A”(VOA'; -V, AQ) — (A A’*)] , (A.1)

and

(h, 15, = —i / 45" [h“”(voh’fw 2V, i) — (h h’*)} , (A.2)

between two conformal primaries it is useful to reorganize the expressions (3.6|) and (3.14)). Spin-

one conformal primary can be written as

1 1
AA.’i XH- ) — 5 _ | ———— A.
wa ( ,U),U)) |:a qH+AqHa:| (_CI'X:I:)A7 ( 3>
and spin-two conformal primary as
hEE (XH:w w)—1 02,0, +l( DaGy + 4v0uqy)O L e — (A.4)
nrsa ) ) - 2 GQM aqV A Q,u aqu qV (lqu a A(A + 1)quV a (_q . Xi)A ° °
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where we have used 9%q = 0. Using the Mellin representation for the denominator appearing in
the conformal primaries (3.5)) in terms of plane waves

NA oo
(1:—22) /0 dwwALeFiwe X —ewg® _ = ~—1Xi)A ’ (A.5)
one can see that the d3X integral of the product of two such terms — parameterized by reference
directions and weights {q, A} and {¢’, A’} — should be proportional to a delta function on the
celestial sphere 6 (¢ — ¢'), where § refers to the unit vector pointing in the direction of the

spatial part of ¢, forcing ¢ and ¢’ to be parallel. Indeed

1
(_q . Xi)A(_q/ . X¥)A'*+1

IF(A A" 1) = /d3X

N (A.6)
. (27T)3(:tZ)A AT 0\—15(2) ' /OO A+A*—3  —2ewq®
= OM(AF(A 1 1) (¢") 6% (w —w) i dww e :

Meanwhile, the d®X integral gives 0 if both plane waves have the same =+ sign. Taking the limit
e — 0, one finds

[e.e]

lim dww A" B3¢0 — 975 (i(A + A — 2)), (A7)

e—0
0
which is the distribution we defined in section [4.1]
To compute the inner products (A.1)) and (A.2) for the primaries (A.3)) and ((A.4), respectively,

we use our above observation that we are restricted to the support of § = ¢’ and fact that the

reference direction ¢ is a null vector satisfying
q-q=q-0,9=0, (A.8)
and similarly for ¢. Furthermore, we have that 0,q - 0y+q = 2044. For spin-one primaries we find
(A (w), A" ()5, = —i(A" = 1)go(Dag - Oueg )T (A, A +1) — (A 5 A”)

= :i:2(271-)4ei”A sin(Aﬂ)%(saa/é(?) (w — w’) (A.9)
X 8(i(A + A" —2)),

while for spin-two primaries

(haA’i(w) hA/’i(w,))Eo = _i(A/* - 2)(]0(&1(1 : aa’*q/)QIit(Aa A" + 1) - (A A A/*)

(A—1+i)(A—1-

= F(2m)" e sin(Am) =T T R

D 50 (w—w) (A10)
X §(i(A + A —2)),

~

where we have taken the ¢ — 0 limit in the final expressions and made use of ¢(2)d(i(A — 2))
©(A)d(i(A — z)) which holds inside a contour integral of the kind (4.4)) since the conditions on
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©(2) of section [4.1] are satisfied here. Also note that the exchanged terms involve I7~(A + 1, A™)
and have the phase (£i)2"1~4" rather than (+i)*" =2~ due to the fact that the ic prescriptions

are fixed for each mode.

A.2 Cauchy Slice Pushed to Null Infinity

To compute the inner product at null infinity, we can repeat the above steps once we evaluate
the three-dimensional integral of two massless plane waves at future null infinity.

. - . v . ~ ; 0 _ -1 10 _ /
lim T2/d22du\/,—yeiqu Xeilwq X _ lim TZ/d2xdueizwq (u+r(1 cos@))e:qu (u+r(1—cos @)

r—00 r—00
— 27.‘_5(qu . w/q/O) lim 7"2 dQZi,e:I:iquT(l—cos49)€$iw'q’0r(1—cos6’/)
r—00 ’
(A.11)
where cosf = ¢ -z and cos@ = ¢ - . Without loss of generality we can orient our axes so that
¢’ points towards the north pole. Then using
?

lim sin @'e™'7°r(1=0s0) — 50"y + O((wg"r)~?), (A.12)

r—00 w’q’or

twice we have

. o 2mr g
lim 72 / A zduy/ye T X eEFV TN = 275 (wq" — w'q”) lim r2[ﬂeiwqor(l_q'q) + O((wq’r)™2)]

r—00 r—oo - wqr
= (2m)*0(wg’ — W'q”)(wg") 26 (q - 7)
= (2720 (w7 — J'T) .
(A.13)
Again we have used the notation ¢ to refer to the unit vector pointing in the direction of the
spatial part of ¢. Since this agrees with the plane wave integral computed on the X° = 0 slice,
we get the same result for I7"(A, A™ + 1) in (A.6).

The reasoning in Appendix continues to hold except we must use ¢ - n in place of .
Now n*0,, = 0, — %8,,, so at the point near future null infinity parameterized by {u,r, z, z} we
have ¢, = g0 = —(1 + ww) and ¢, = —QHZ;—:”;. Because of the z dependence of ¢,, unlike in the
spatial case, any ¢, term modifies the Cauchy slice integrand. However, since we saw above that
the Cauchy slice integral localizes to z = w any term with ¢, or d,q, will vanish. We thus find

that our answer at future null infinity is the same as our computation at the X° = 0 slice.
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B Harmonic Diff(S*) Vector Field

In this appendix we derive the vector field ¢ that generates arbitrary diffeomorphisms of the

celestial sphere in harmonic gauge where
0&,(u,m,2,2) =0. (B.1)
Our ansatz for the radial expansion of the vector field i@

(u,r, z,2) Zr (u, 2, Z) + log(r )5&")(u,z, zZ)), (B.2)

which, after a similar decomposition of (B.1]) into powers of r~™ yields [50]
(&)™ = 2(n = 2)0,£8 7V + [D* + (n— 2)(n = 3)] £
+ (5= 2n)€" ™ = 20,807,
[06,)™ = 2(n — 2)0,£ D + [D? + (n — 2)(n — 3) — 2] €72 4 262 _2pAcY

+ (5 —2n)E"? — 29,6V | (B.3)
A" = 2(n = 20,5 + [D? + (n = 2)(n — 3) = 1] €07 =20, (6" — ")
+(5—2n)Ey ™ = 20,8077,
and at logarithmic order
D" = 2(n = 206" + [D*+ (n=D(n = 3)] &7,
[DE]™ = 2(n = 2)0,6") + [D* + (n = 2)(n — 3) = 2] £ 4 26072 — 2D,
[DE4]"Y = 2(n — 2)8,E5 > + [D* + (n = 2)(n — 3) — 1] €77 — 20, (g;lnfm _ én,g))
(B.4)

Unlike in [50], we use a radial gauge condition to perform our residual gauge fixing. This takes

the form
V, = X¥(V,& +V,E) =0, (B.5)

which decomposes into

V. = —2u0,64M — 208, — 9, gt gty _ gul) _ Ern)

V( — —ud gu(n (n . 1)u€u (n—1) + (n . )ugr(n—l) . ugu (n—1) _ ug’r(n—l) + 2n£u(n) . 2€u(n)
V:L(1 1) /VABuauf (n+1) ugAgu(n—l) . U@Agr(n_l) i aAéu(n) . (n + 1),YAB§B(TL+1) + 'VABgB(n—H) ,
(B.6)

22Here ~ denotes logarithmic terms in the expansion and is unrelated to the ~ we use for the shadow transform.
For now, we will let n range over all integers, but boundary conditions will demand that the coefficients {£ ,(L”), 1@}
are non-zero only for a semi-infinite range extending to n — +oo. The harmonic and residual gauge fixing

conditions provide restrictions on the leading data.
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and for the logarithmic terms into

Vu(n) _ _2uau£u(n) . 2uaugr(n) - augu(n—i-l) + ngu(n) + ngr(n) :

) = g, £uD _ 9y dul= _ gy 4 gpgu-1). (B.7)
f/fgnfl) _ '}/ABuaugB(n—H) _ uaAgu(n—l) . uaAgr(n—l) _ aAéu(n) o (n + 1),.)/AB§B(TL+1) )

We use & = =&, & = & — &, to combine the above expressions involving raised vs lowered
indexed components.
In this appendix we are interested in the specific example of a Diff(S?) transformation of the

celestial sphere, i.e.
§10 =y4(z,2), (B.8)

which corresponds in our notation to
€47 =Ya(=7). (B.9)

Even if we only cared about pure superrotations, for which Y*(z, z) = Y*(z), we would need the
full Diff(S?) vector field in order to keep track of contact terms.
We start by imposing the conditions

£0n=0) — <o) _ gy g - =78 g 02—y, (2 7) (B.10)

which is reasoned as follows. The last two conditions imply a Diff(S?) on the celestial sphere,
while the first three conditions follow from consistency of the log-order equations. The first
non-zero orders allowed would be the free data of the log-equations, but are fixed by the non-log
equations.

The u-independence of Y4(z, z) gives

<=1 (—2ud, + n)(fﬂ(n) + 5T(n)) _ 3u€U(n+1) 7

u

VIO = (—ud, + 20+ 2)€ Y 4 a0 4 ¢), (B.11)
VTS = < 0a(u(€™ +€0) 4 g0),

Noting that £* + " = —¢&,, the radial gauge condition (B.11) tells us
gt = —uglm (B.12)

for n < —1. We can then use this to replace every &, in (B.3]), in particular

(DA "1 = 20, (€02 - 60Y) (B.13)
then implies
& = —ugr Y, (B.14)
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for n < 0. If we want the tower to truncate we should demand

¢r=2 =0, (B.15)

We then have the leading equations
(064 @ = =20,V + [D? +1] €57 — 20,6V
O] = 2u0,(™ + 467V — 2DA£2 7,

]
[0 ]
[0 = 40,6
[Dgu]“):—zauéo [D2+2] -0 (B.16)
]
]
]

[OgA]® = [D* — 1] ¢V — 20, (§<°>+u££*”)—2aué£?>,
[06,]® = — [D* — 2] uelV + 260 — 2D — 29,60

[Dgu @) = D2 (0) 28u§u

The first three tell us

1 —
€V =Dy, D =L D2 1] Dy, €0 = —Epag?),
2 2 4u 2 (B.17)
7Y =Ya ), &7 = 5[0+ 1] Ya - DaDpY”).
so that u
1=Vt ([D*+ 1)Y= DADpY ) + .
r
f“Z%DAYA—i_"' , (B.18)

éT:_gDAYA—E[DQ—l—Zq DAYy +...,

4
where the omitted terms should be solved for using the radial gauge fixing recursions —,
consistent with the harmonic condition .

Meanwhile the last three equations in allow us solve for the leading log terms, which
are in turn free data for the log tower (B.4)). Explicitly, these are

20,6¢ = g([D2 — 1] [D*+1] Y4 —2D4 [D*+2] DY),
20,6 = 5(2[D* +2] D*Ya - 2D [D* +1] Ya) (B.19)

20,81 = 7D? [D* +2] Day™*.
Finally, we note that away from poles of meromorphic Y?*(z), we have

(D2 +1)Y* =0, [D*+2|DY*=0. (B.20)
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We thus see that all of the log terms vanish, while the vector field reduces to

eA—yA_ L pAppyB 4

2r ’
U
£ = 5DAYA +..., (B.21)
r u
&= —iDAYA — §DAYA +....

It should be emphasized, that in order to keep track of poles in Y*, as needed in section [, we
should use the generic Diff(S5?) form (B.18)) which adds contact term corrections to (B.21)).

C Renormalized Symplectic Structure

In this appendix, we compute the inner product at future null infinity for the conformal primary
Goldstone modes with conformal dimension A = 0 and A = 2. This amounts to computing the

Iyer-Wald symplectic structure |42} 56]
Q[dg,d'g; 9] = /+ w[dg,d'g; 9], (C.1)
7
for the variations h = dg, ' = §'g around a fixed background g, where the presymplectic form
w = w’(d*z), is given by

w’8g,0'g; g) = r2\ A (RVNPH = 20N W — (B 1)) (C.2)

We want to compute (C.2) for &/, = h,.;, and b, = ﬁfw;ww, both of which behave near future
null infinity ag™|

h.o=00%, h.=00%, K.=rd¢"+00r,

C.3
B, =rdC..+ 00", B, =10C..+ 00", R, = 1°0'vz: + 10 Csz + O(r7), (C3)

where the variations 0'Cyp depend on (u, 2, z), while ¢’ gggl) and ¢’vz; only depend on the angles.

We assume the following fall-offs for the perturbation h,, = dg,.:
huw = 090 + O™, hya =3¢ + O™, hap =15Cap + O(°), (C.4)

with dC,; = 0 and all variations are functions of (u, z,Z). The leading behavior of the radial
metric components in both (C.3)) and (C.4]) is determined by the radial gauge condition

u

hr“ == _;h’u# . (C5)

23The superscript (n) denotes the coefficient of the 1/r™ term in the expansion near null infinity.
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Evaluating ((C.2)) for these fall-offs, we find:
wu = —\/’_}/(5/ 55(5022 + 0(7’71),

r / zZZ r(0) -1 (06)
w = T’ﬁ5 225N —+ w + O(T )7
with N4 = 0,Csp and
WO = /7 (§CapdNAE = 5Capd NP + §'97(2D.092 — 0,09 o
T
+ 20209 V0% — 27559V (1~ ud,)6gY).

Similar expressions can be obtained for the opposite helicity Goldstone modes &, = hgwww and

W, = h2,.o0 Whose asymptotic behavior is given by (C.3) with z and Z exchanged.

We thus see that the presymplectic form diverges in r, a feature which was already observed
in [29]. This divergence can be removed via an appropriate renormalization of w. Writing the

presymplectic form in terms of the presymplectic potential ©,
wldg,d'g; g] = 00[0'g; g — 0'O[dg; ], (C.8)
exposes the freedom to perform a shift@
0 —0+dY, (C.9)

where Y is a spacetime co-dimension 2 form. The freedom ((C.9)) expresses the residual ambiguity
in the definition of the presymplectic potential in the covariant phase space formalism [56].
We will adopt the same choice of Y as given in [29] and will not repeat the details here. As
shown there, the effect of this renormalization is to remove the radially divergent piece in w",
as well as remove the finite piece in w"*. The renormalized inner product therefore only receives

contributions from the finite piece in w”:
e"[8g,6'g; 9] = / dud*zw"V[5g,6'g; g] . (C.10)

To simplify (C.7)) we make use of the equations of motion (see e.g. Appendix A of [50])

0=0h. — (1—ud,)og? =D*C..,
0=0Dh,. — 4D.5g\% = (D?—-2)s6C., + 20,69, (C.11)
0=0h, — 4D:8g;" = (D* - 2)8"=,

and integrate by parts on the celestial sphere. This yields

W' = (' CapdNAP = 6Capd NP + %DQ(S’ 2:0C7). (C.12)

24This renormalization procedure was recently shown to be covariant in terms of the boundary structure,

justifying a posteriori the counterterm prescription to remove the radial divergence [59].
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Finally, we can express the inner product in terms of the vector field Y4 = (Y* Y* = 0) using
that the Goldstone modes are pure shift transformations & = 55/* (see (5.34) and (5.37)),

namely

§'C = —uDXY?, §Csz = SD’D:Ys, 7z = 2D:Ys,

1 (C.13)
55AQZ==-—17§YV, ‘yp@§:: 51)2LG};7
where we used the identities
_ 1
D:D?Y; = 5(D2 —1)Yz, [Ds, D?|Y; =-3D;Y;. (C.14)

We thus find

. 1 __ __
Qren[sg, bty g = / dud®z/7 (D2Y*6C7 + 5 D*D:Y:60% —uD2Y*ON™ gDQDngéN“).
(C.15)

Everything being linear in the metric fields, one can integrate out the variation as
Qrenfsg, S5hittg: g] = —5Qy, with

1 o o
Qy = / dud?z\/y (=D2Y*C* — §D2D5YZCZZ +uD?Y*N** — gDQDngN“). (C.16)
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